
Rq wkh uhodwlyh dgydqwdjh ri frrshudwlyhv

Vyhqg Doeén dqg Fkulvwldq Vfkxow}�

Xqlyhuvlw| ri Frshqkdjhq

Ghfhpehu 49/ 4<<:

Devwudfw

Zh vkrz wkdw wkh idfw wkdw iduphuv lq d frrshudwlyh lqglylgxdoo|

ghflgh krz pxfk wr vxsso| wr wkh frrshudwlyh pd| vhuyh dv d frp0

plwphqw ghylfh iru fuhgleo| +dqg sur�wdeo|, jdlqlqj pdunhw vkduh lq

frpshwlwlrq zlwk d sur�w pd{lpl}lqj �up1

MHO O55/ T46

Nh|zrugv= frrshudwlyhv/ frpplwphqw

4 Lqwurgxfwlrq

Iduphuv* pdqxidfwxulqj frrshudwlyhv kdyh ehhq yhu| vxffhvvixo lq pdq| frxq0

wulhv1 Lq Ghqpdun/ wkhuh kdv ehhq d frqwlqxrxv surfhvv ri phujhuv ohdglqj wr

hyhu odujhu frrshudwlyhv zlwk pruh dqg pruh phpehuv1 Ixuwkhupruh/ gxulqj

wklv surfhvv wudglwlrqdo sur�w pd{lpl}lqj �upv kdyh lq pdq| lqgxvwulhv ehhq

�Fruuhvsrqglqj dxwkru= Fkulvwldq Vfkxow}/ Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri Frshq0

kdjhq/ Vwxglhvwuégh 9/ GN04788 Frshqkdjhq N/ Ghqpdun1 Sk= .78 6865636<> id{= .78

68656333> h0pdlo= fkulvwldq1vfkxow}Chfrq1nx1gn1
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judgxdoo| gulyhq rxw ri exvlqhvv ru wdnhq ryhu e| wkh frrshudwlyh vhfwru +vhh/

h1j1/ Emûuq/ 4<;9,1

Rq wkh rwkhu kdqg lw lv riwhq fodlphg wkdw frrshudwlyhv duh lqh!flhqw

vlqfh wkh| whqg wr surgxfh wrr pxfk1 Pdq| frrshudwlyhv kdyh wkh uxoh

wkdw wkh lqglylgxdo iduphuv wkhpvhoyhv ghflgh krz pxfk wr gholyhu wr wkh

frrshudwlyh1 Wkh frrshudwlyh lv wkxv qrw lq frqwuro ri lwv lqsxw ghflvlrq1 Li

wkh frrshudwlyh idfhv d ghfuhdvlqj ghpdqg fxuyh/ lw zloo whqg wr ryhusurgxfh1

Wkh uhdvrq lv wkh vlpsoh wkdw dowkrxjk dq lqglylgxdo iduphu pd| uhdol}h wkdw

dq lqfuhdvh lq surgxfwlrq zloo ghfuhdvh wkh sulfh lq wkh �qdo pdunhw/ kh

rqo| lqwhuqdol}hv klv rzq sduw ri wkh sur�w orvv vwhpplqj iurp wkh sulfh

ghfuhdvh1 Iurp d irupdo srlqw ri ylhz wklv lv vlplodu wr zkdw kdsshqv lq d

Frxuqrw roljrsro|1 Wkh �upv lq d Frxuqrw pdunhw surgxfh wrr pxfk uhodwlyh

wr prqrsro| surgxfwlrq/ h{dfwo| ehfdxvh wkh| gr qrw lqwhuqdol}h wkh sur�w

orvvhv wkdw wkh rwkhu �upv vx�hu iurp d sulfh ghfuhdvh1

Krzhyhu/ lq d Frxuqrw pdunhw wkhuh lv dq dgydqwdjh wr frpplwwlqj wr d

kljk surgxfwlrq ohyho vlqfh surgxfwlrq ohyhov duh vwudwhjlf vxevwlwxwhv1 Li d

�up fdq sxvk lwv uhdfwlrq ixqfwlrq rxwzdugv/ h1j1 e| hpsor|lqj d pdqdjhu

zkrvh vdodu| ghshqgv rq vdohv udwkhu wkdq sur�wv/ wkhq wklv �up pd| jdlq

vlqfh wkh rwkhu �upv lq wkh lqgxvwu| uhdfw e| ghfuhdvlqj surgxfwlrq/ vhh

h1j1 wkh sdshuv e| Ylfnhuv +4<;8, dqg Ihuvkwpdq dqg Mxgg +4<;:,1 Lq wklv

sdshu zh vkrz wkdw d vlplodu phfkdqlvp lv dw sod| lq d pdunhw zkhuh d

frrshudwlyh idfhv dq ruglqdu| sur�w pd{lpl}lqj �up1 Vlqfh wkh phpehuv ri

wkh frrshudwlyh gr qrw lqwhuqdol}h wkh sur�w orvv lqfxuuhg e| rwkhu phpehuv

zkhq wkh| lqfuhdvh surgxfwlrq/ wkh rujdql}dwlrq ri wkh frrshudwlyh dfwv olnh

d frpplwphqw ghylfh iru sxvklqj wkh uhdfwlrq ixqfwlrq ri wkh frrshudwlyh

rxwzdugv/ dqg lq wkh uhvxowlqj htxloleulxp wkh sur�w pd{lpl}lqj �up hqgv
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xs surgxflqj ohvv14 Khqfh wkh pdunhw vkduh ri wkh frrshudwlyh lv odujhu wkdq lw

zrxog kdyh ehhq li wkh frrshudwlyh pd{lpl}hg wkh wrwdo sur�w ri lwv phpehuv1

Ixuwkhupruh/ zh vkrz wkdw lq rxu prgho wkh phpehuv ri wkh frrshudwlyh zloo

hduq pruh wkdq wkh yhuwlfdoo| lqwhjudwhg sur�w shu iduphu jhqhudwhg lq wkh

sur�w pd{lpl}lqj �up1

Wkh rujdql}dwlrq ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho1

Vhfwlrq 6 lqyhvwljdwhv wkh htxloleulxp dqg Vhfwlrq 7 frqfoxghv1

5 Wkh prgho

Zh frqfhlyh ri d pdunhw iru d �qdo jrrg/ zkhuh wkh sulfh/ Rc lv jlyhq e| wkh

lqyhuvh ghpdqg ixqfwlrq

R ' @�'c

zkhuh @ lv srvlwlyh dqg wrwdo vxsso| lv '� Wkh surgxfw lv surgxfhg rq lqgl0

ylgxdo idupv/ gholyhuhg wr d pdqxidfwxuhu/ zkr vhoov lw rq wkh pdunhw1 Dv dq

h{dpsoh wklqn ri plon1 Wkhuh duh ? iduphuv hdfk surgxflqj wkh surgxfw rq

wkhlu idupv1 Wkh frvw ixqfwlrq ri d iduphu surgxflqj ^ xqlwv lv

SE^� '
�

2
S^2�

Pdujlqdo frvwv duh srvlwlyh dqg lqfuhdvlqj1 Iru vlpsolflw| zh dvvxph wkdw

doo iduphuv duh dolnh1 Wkhuh duh wzr pdqxidfwxuhuv/ dqg d iduphu hlwkhu vhoov

wkurxjk rqh ru wkh rwkhu1 Zh fdoo rqh pdqxidfwxuhu wkh frrshudwlyh dqg wkh

rwkhu wkh sur�w pd{lpl}lqj �up/ iru vkruw wkh �up1 Zh ghqrwh e| ?S wkh

4Qrwh wkdw d sur�w pd{lpl}lqj �up lq rxu prgho lv vlplodu wr d phujhg �up lq wkdw

d phujhg �up lqwhuqdol}hv wkh h�hfwv ri rxwsxw fkdqjhv1 Rxu sdshu lv wkhuhiruh uhodwhg

wr wkh olwhudwxuh rq phujhuv lq Frxuqrw roljrsro|/ vhh lq sduwlfxodu Iduuhoo dqg Vkdslur

+4<;;, dqg wkh uhihuhqfhv wkhuhlq1
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qxpehu ri phpehuv ri wkh frrshudwlyh dqg e| ?s ' ? � ?S wkh qxpehu ri

iduphuv gholyhulqj wr wkh �up1

Wkh frrshudwlyh zrunv dv iroorzv1 Hdfk phpehu ghflghv klpvhoi rq krz

pxfk plon kh zlvkhv wr gholyhu wr wkh frrshudwlyh1 Wklv lv wkh uxoh lq h�hfw

lq prvw Gdqlvk/ dqg pdq| rwkhu/ frrshudwlyhv1 Wkh iduphu lv sdlg d gholyhu|

sulfh shu xqlw1 Wkh frrshudwlyh uhwdlqv qr sur�w/ dqg iru vlpsolflw| zh dvvxph

wkdw lv kdv frqvwdqw pdujlqdo frvw/ 6S/ zklfk zh qrupdol}h wr }hur1 Wkh xqlw

sulfh sdlg wr wkh iduphu/ R�/ lv wkhq vlpso| wkh sulfh wkh frrshudwlyh jhwv lq

wkh pdunhw

R� ' R ' @�'�

Wklv zd| ri sd|lqj wkh iduphuv dqg wkxv glvwulexwlqj wkh sur�w dovr fruuh0

vsrqgv wr wkh uxoh lq h�hfw lq Gdqlvk dqg pdq| rwkhu gdlulhv1

Wkh �up kdv d frqwudfw zlwk wkh iduphuv gholyhulqj wr lw1 Zh zloo dvvxph

wkdw wkhuh duh qr klqgudqfh iru wkh sduwlhv wr zulwh dq rswlpdo frqwudfw1

Khqfh wkh sur�w pd{lpl}lqj �up pd{lpl}hv wkh yhuwlfdoo| lqwhjudwhg sur�w

ri lwvhoi dqg lwv vxssolhuv1 Wkh glvwulexwlrq ri wklv sur�w lv qrw hvvhqwldo wr

rxu dujxphqw> rqh frxog frqfhlyh ri doo sur�w hqglqj xs zlwk wkh iduphuv

ru vrph iudfwlrq hqglqj xs lq wkh �up1 Iru vlpsolflw| zh dvvxph wkdw wkh

iduphuv kdyh doo edujdlqlqj srzhu/ vr wkh| jhw wkh yhuwlfdoo| lqwhjudwhg sur�w1

Wkh frrshudwlyh dqg wkh �up frpshwh lq wkh pdunhw lq xvxdo Frxuqrw

idvklrq/ vr hdfk wdnhv dv jlyhq wkh surgxfwlrq ri wkh rwkhu1 Ohw 'S eh wkh

wrwdo surgxfwlrq ri wkh frrshudwlyh dqg 's wkh wrwdo surgxfwlrq ri wkh �up1

514 Wkh frrshudwlyh

Lq wkh frrshudwlyh hdfk iduphu ghflghv krz pxfk kh zloo vxsso|1 Zh dvvxph

wkdw iduphuv duh udwlrqdo dqg pd{lpl}h sur�wv1 D iduphu wdnhv dv jlyhq

wkh surgxfwlrq ohyho fkrvhq e| wkh rwkhu iduphuv lq wkh frrshudwlyh dqg wkh
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pdunhw1 Ohw ^� ghqrwh wkh surgxfwlrq ri iduphu �/ dqg ohw 'S
3� ghqrwh wkh

wrwdo surgxfwlrq ri wkh rwkhu iduphuv lq wkh frrshudwlyh1 Zh fdq zulwh iduphu

��r sureohp dv

4@ 
^

�
@�

�
's n'S

3� n ^
��

^ �
�

2
S^2�

Wkh iduphu wdnhv lqwr dffrxqw wkdw li kh udlvhv surgxfwlrq kh zloo fdxvh wkh

sulfh wr idoo voljkwo|/ exw kh rqo| lqwhuqdol}hv wkh sur�w orvv wklv jlyhv klpvhoi/

qrw wkh orvv lq lfwhg rq wkh rwkhu phpehuv ri wkh frrshudwlyh1 Wkh �uvw rughu

frqglwlrq lv

@�
�
's n'S

3� n 2^
�
� S^ ' f�

Xvlqj wkdw doo iduphuv duh dolnh zh kdyh wkdw ^� ' ^ iru doo �/ dqg zh jhw

^ '
@�'s

E?S n �� n S
�

Khqfh/ wkh wrwdo surgxfwlrq ri wkh frrshudwlyh lv jlyhq e| wkh uhdfwlrq ixqf0

wlrq

'S ' -SE's� �
?S
�
@�'s

�
E?S n �� n S

�

515 Wkh sur�w pd{lpl}lqj �up

Wkh �up wdnhv lqwr dffrxqw wkdw d vlqjoh iduphu*v lqfuhdvhg surgxfwlrq fdxvhv

wkh sulfh wr idoo dqg wkdw wklv kxuwv doo iduphuv dvvrfldwhg zlwk wkh �up1

Dv phqwlrqhg deryh/ zh dvvxph wkdw wkh �up fkrrvhv d surgxfwlrq ohyho

zklfk pd{lpl}hv wkh yhuwlfdoo| lqwhjudwhg sur�w ri wkh �up dqg wkh iduphuv

vxsso|lqj lw1 Khqfh/ wkh �up/ dqg qrw wkh lqglylgxdo iduphuv/ lv lq frqwuro

ri krz pxfk hdfk iduphu vxssolhv1 Hylghqwo|/ ehfdxvh ri lqfuhdvlqj pdujlqdo

frvwv/ wkh rswlpdo vroxwlrq lqyroyhv hdfk iduphu surgxflqj wkh vdph txdqwlw|1

Wkh sureohp ri wkh �up lv wkhq

4@ 
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dqg wkh vroxwlrq lv

's ' -sE'S� �
@�'S

2 n �

?s
S
�

6 Htxloleulxp

Lq htxloleulxp wkh surgxfwlrq ohyhov ri wkh frrshudwlyh dqg wkh �up duh ehvw

uhsolhv wr hdfk rwkhu1 Ghqrwlqj wkh htxloleulxp ohyhov 'SW dqg 'sW/ uhvshf0

wlyho|/ zh kdyh

'SW ' -SE'sW� dqg 'sW ' -SE'SW� 1

Vroylqj iru wkh htxloleulxp zh jhw

'sW ' @?s E� n S�g

'SW ' @?S E?s n S�g

zkhuh

g �

�

?s?S n ?SSn 2?s n Sn 2S?s n S2
�

Surgxfwlrq/ dqg wkhuhiruh wkh pdunhw vkduh/ shu iduphu lv kljkhu iru wkh

frrshudwlyh wkdq iru wkh �up/ dv orqj dv ?s : �1 Vlqfh pdujlqdo frvwv

duh lqfuhdvlqj/ wklv frxog lq sulqflsoh eh dvvrfldwhg zlwk wkh phpehuv ri

wkh frrshudwlyh hduqlqj ohvv sur�w1 Wklv lv qrw wkh fdvh1 Wkh sur�w ri d

frrshudwlyh iduphu lv

ZS ' E@� E@?s E� n S�g n @?S E?s n S�g�� @ E?s n S�g�

�

2
S E@ E?s n S�g�2

zkloh wkdw ri d iduphu vxsso|lqj wkh �up

Zs ' E@� E@?s E� n S�g n @?S E?s n S�g�� E@ E� n S�g��
�

2
S E@ E� n S�g�2 �

Ehlqj lq wkh frrshudwlyh lv pruh sur�wdeoh li

ZS : Zs
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Lqvhuwlqj iru g dqg uhduudqjlqj zh jhw wkdw wklv lv htxlydohqw wr

E2 n S� E?s n S�2 : E� n S�2 ESn 2?s �

zklfk lv ixo�oohg iru doo ?s : �51 Wkxv ehlqj lq wkh frrshudwlyh lv dozd|v

pruh sur�wdeoh li wkh �up kdv pruh wkdq rqh iduphu vxsso|lqj lw> li wkhuh

lv rqo| rqh iduphu vxsso|lqj wkh �up wklv iduphu lv dfwlqj h{dfwo| olnh wkh

phpehuv ri wkh frrshudwlyh/ dqg klv sur�w lv wkhuhiruh dovr wkh vdph1 Li pruh

wkdq rqh iduphu vxsso| wkh �up wkh|/ krzhyhu/ hduq ohvv wkdq wkh phpehuv

ri wkh frrshudwlyh1

7 Frqfoxvlrq

Rxu uhvxow frqwulexwhv wr dq xqghuvwdqglqj ri zk| frrshudwlyhv kdyh ehhq vr

vxffhvvixo hyhq wkrxjk wkh| kdyh ehhq lq frpshwlwlrq zlwk sur�w pd{lpl}lqj

�upv1 Qrwh/ wkdw lq rxu prgho wkh frrshudwlyh pdnhv pruh sur�w dw wkh

h{shqvh ri wkh sur�w pd{lpl}lqj �up1 Wklv grhv qrw frqwudglfw wkh riwhq

khdug fulwlflvp wkdw frrshudwlyhv surgxfh wrr pxfk vr wkdw lw zrxog eh wr

wkh ehqh�w ri doo iduphuv wr ghfuhdvh surgxfwlrq1 Lq d pdunhw zlwk rqo|

sur�w pd{lpl}lqj �upv hdfk iduphu zrxog jhqhudwh pruh sur�w shu khdg

wkdq lq d pdunhw zlwk frrshudwlyhv1 Lq d vhqvh/ wkhuh lv d sulvrqhu*v glohppd

vlwxdwlrq1 Frqvlghu d pdunhw zlwk wzr �upv= jlyhq wkh rujdql}dwlrq ri wkh

rwkhu �up/ sur�w pd{lpl}lqj ru frrshudwlyh/ wkh ehvw rujdql}dwlrq iru d �up

lv frrshudwlyh1 Khqfh/ d Qdvk htxloleulxp lq rujdql}dwlrqdo vwuxfwxuh kdyh

erwk �upv fkrrvh frrshudwlyh1 Qhyhuwkhohvv/ lw zrxog eh ehwwhu iru erwk

�upv li wkh| erwk zhuh sur�w pd{lpl}lqj �upv1

5Qrwh/ wkdw e| vhwwlqj f @ 3 zh ohw iduphuv kdyh frqvwdqw pdujlqdo frvwv1 Djdlq/

�
f
A �
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Li rqh frqfhlyhv ri dq hyroxwlrq ri wkh pdunhw vwuxfwxuh zkhuh dq rujdql0

}dwlrq hduqlqj kljkhu sur�w shu iduphu ryhu wlph dwwudfwv pruh iduphuv/ wkhq

wkh uhvxow ri wklv sdshu vxjjhvwv wkdw lq wkh orqj uxq doo iduphuv zrxog eh

phpehu ri wkh frrshudwlyh1 Wklv fruuhvsrqgv udwkhu zhoo wr wkh ghyhorsphqw

lq wkh Gdqlvk frrshudwlyh vhfwru phqwlrqhg deryh1

8 Uhihuhqfhv

Emûuq/ F1/ 4<;9/ Dqghovvdpduehmghw l Gdqpdun +Dqghovxgydojhw/ Frshq0

kdjhq,1

Iduuhoo/ M1 dqg F1 Vkdslur/ 4<<3/ Krul}rqwdo phujhuv= dq htxloleulxp dqdo0

|vlv/ Dphulfdq Hfrqrplf Uhylhz/ ;3/ 43:0591

Ihuvkwpdq/ F1 dqg N1L1 Mxgg/ 4<;:/ Htxloleulxp lqfhqwlyhv lq roljrsro|/

Dphulfdq Hfrqrplf Uhylhz/ ::/ <5:0<731

Ylfnhuv/ M1/ 4<;8/ Ghohjdwlrq dqg wkh wkhru| ri wkh �up/ Hfrqrplf Mrxu0

qdo/ <8 +vxssohphqw,/ 46;047:1
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